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ABSTRACT 

In this paper, we investigate Hyers-Ulam-Rassias stability of the following quadratic functional equation: 

�(� + � + 	) + �(�) + �(�) + �(	) = �(� + �) + �(� + 	) + �(� + 	) in a non Archimedean 2-Banach spaces, 

and we prove the generalized Hyers-Ulam stability of functional quadratic functional equation in a non 

Archimedean 2-Banach spaces. 
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1. INTRODUCTION 

In 1940, Ulam [1] suggested the stability problem of functional equations concerning the stability of group 
homeomorphism as follows:  
Let (�,∘) be a group and let (�,⋆, �) be a metric group with the metric �(. , . ). Given � > 0, does there exist a � =
�(�) > 0 such that if a mapping �: � → � satisfies the inequality:  

 �(�(� ∘ �), �(�) ∗ �(�)) < � 
for all x,y ∈ �. Then a homomorphism �: � → � exists �(�(�), �(�)) for all � ∈ �? 
In 1941, Hyers [2] give a first (partial) affirmative answer to the question of Ulam for Banach spaces. Thereafter, 
we call type the Hyers - Ulam stability. 
The result of Hyers was generalized by Aoki [6] for approximate additive mappings and by Th.m. Rassias [7] for a 
approximate linear mapping a following the difference Cauchy equation  

 ‖�(� + �) − �(�) − �(�)‖tobecontrolledby�(‖�‖) + ‖�‖)) 
The functional equation  

 �(� + �) + �(� − �) = 2�(�) + �(�) (1) 
 
is related to symmetric bi-additive function and called a quadratic functional and every solution of the quadratic (1) 
is said to be quadratic mapping. Skof [20] proved the Hyers - Ulam stability of quadratic functional equation (1). 
The theory of linear 2-normed spaces was first developed by Gahler[8] in the mid 1960’s, while That of 2- Banach 
spaces was studied later by Gahler [9] and White [10]. 
The functional equation  

 �(� + � + 	) + �(�) + �(�) + �(	) = �(� + �) + �(� + 	) + �(� + 	) (2) 
 Be another quadratic mapping, by Skof [20] proved the Hyers - Ulam stability of quadratic functional equation (2). 
Jung [5] proved the Hyers - Ulam stability of quadratic functional equation (2) in the Banach space with respect to 
some conditions. 
In 1978, Rassias[7] extended the Hyers- Ulam stability by considering variable. In 1994, it also has been 
generalized to function case by Gãvruta [18]. 
Hensel[21] has introduced a normed space which does not have the Archimedean property, Rassias[22] proved the 
generalized Hyers- Ulam stability of the additive functional equation and the quadratic functional equation in non-
Archimedean spaces. 
In this paper, we will prove the stability of quadratic functional equation in (2) in a non-Archimedean 2-Banach 
spaces under the approximately even (or odd) conditions and some asymptotic behaviours of quadratic and additive 



Zenada FSA & Elmaged EAA                             Euro. J. Adv. Engg. Tech., 2022, 9(12):11-20 

_____________________________________________________________________________ 

12 
 

 

mappings shall be investigated and generalized the stability of the same functional equation in a non-Archimedean 
2-Banach spaces. 

2.  PRELIMINARIES 

Now we introduce some notions for non-Archimedean spaces we be used in this paper.  
Definition 2.1 [24] Let K be a field. A non-Archimedean absolute value (or valuation) on a filed K is a 

function |. |: , ⟶ . such that for any /, 0 ∈ ,, we have,   
    • |/| ≥ 0 and equality holds if and only if / = 0,  
    • |/0| = |/||0|  
    • |/ + 0| ≤ max{|/|, |0|}.  
 Condition (iii) is called the strong triangle inequality. By(ii), we have|−1| = |1| = 1. 
Thus, by induction, it follows from (iii) that |9| ≤ 1, for each integer n. we always assume in addition that 

|. | is non-trivial, that is, there is an /: ∈ , such tat |/:| ≠ 0,1  
  
Definition 2.2 [24] Let X be a vector space over a non-Archimedean field K. A function ‖. ‖: < → . is 

called a non-Archimedean norm if it satisfies the following properties:   
    • ‖�‖ = 0 if and only if � = 0,  
    • ‖=�‖ = |=|‖�‖  
    • ‖� + �‖ = >/�{‖�‖, ‖�‖}  
 If ‖�‖ is called a non-Archimedean norm on X and the pair (X, ‖. ‖) is called a non-Archimedean normed 

space  
  
Definition 2.3 [22] Let (<, ‖. ‖) a non-Archimedean normed space and {�?} a sequence in X. Then {�?} is 

said to be convergent in (<, ‖. ‖) if there exists an � ∈ < such that @A>
?→B

‖�? − �‖ = 0. In case, x is called the limit 

of the sequence {�?}, and one denotes it by 
lim

?→B
�? = � . A sequence {�?} is said to e Cauchy in (<, ‖. ‖) if for all D ∈ E.  

  
Remark 2.4 [22] By (c) in Definition (2.2),  
 ‖�? − �F‖ ≤ >/�{G�HI� − �HG|> ≤ J ≤ 9 − 1}                (n > m), (3) 

 A sequence {�?} is Cauchy in (<, ‖. ‖) if and only if {�?I� − �?} converges to zero in a non-Archimedean normed 
space (<, ‖. ‖). By a complete non-Archimedean normed space we mean one in which every Cauchy sequence is 
convergent.  

 
 
Definition 2.5  [22] Let X be a real linear space over non-Archimedean field K with �A>< > 1 and let 

  ‖�, �‖: < × < ⟶ L0, ∞L be a function satisfying the following properties:   
    •   ‖�, �‖ = 0 if and only if x and y are linearly dependent,  
    •   ‖�, �‖ =   ‖�, �‖  
    •   ‖N�, �‖ = |N|‖�, �‖  
    •   ‖�, (� + 	)‖ ≤   >/�{‖�, �‖, ‖�, 	‖}  
 for all �, �, 	 ∈ < and N ∈ .. Then the function (‖. , . ‖) is called a non-Archimedean 2- norm on X and 

the pair (<, ‖. , . ‖) is called a non-Archimedean 2-normed space.  
  
Lemma 2.6 [22] Let (<, ‖. , . ‖) be a non-Archimedean 2-normed space. If x ∈ X and ‖�, �‖ = 0 for all y 

∈X, then x = 0.  
  
Definition 2.7 [22] A sequence {�?} in a non-Archimedean 2-normed space (<, ‖. , . ‖) is called a Cauchy 

sequence if  
 ‖�? − �F , �‖ = 0 

 for all � ∈ <  
  
Definition 2.8 [23] A sequence {�?} in a non-Archimedean 2-normed space (<, ‖. , . ‖) is called a Cauchy 

sequence if  
 ‖�? − �, �‖ = 0 

 for all � ∈ < If {�?} converges to x, write �? → � as 9 → ∞ and call x the limit of {�?}. In this case, we also write 
lim

?→B
�? = � .  

 Let {�?} be a sequence in a non-Archimedean 2-normed space (<, ‖. , . ‖).It follows from (N A4) that  
 ‖�? − �F , �‖ ≤ >/�{G�HI� − �H , �G|> ≤ J ≤ 9 − 1}(9 > >) 
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 for all � ∈ < and so a sequence {�?} is a Cauchy sequence in (<, ‖. , . ‖) if and only if {�?I� − �?} converges to 
zero in (<, ‖. , . ‖) 

A non-Archimedean 2-normed space (<, ‖. , . ‖) is called a non-Archimedean 2-Banach space if every 
Cauchy sequence in (<, ‖. , . ‖) is convergent.  

Lemma 2.9 [23] For a convergent sequence {�?} a non-Archimedean 2-normed space (<, ‖. , . ‖)  

 lim
?→B

‖�? , �‖ = O lim
?→B

�?, �O 

 for all � ∈ <.  
  
Lemma 2.10 [23] Let (<, ‖. , . ‖) be a non-Archimedean 2-normed space. Then  
 ‖�, 	‖ − ‖�, 	‖ ≤ ‖� − �, 	‖ 

 for all �, �, 	 ∈ <.  
  
Definition 2.11 [22] A non-Archimedean 2-Banach space X is called a normed non-Archimedean 2- 

Banach space if X is a 2-Banach space with norm.  
 

3  STABILITY OF QUADRATIC MAPPINGS IN A NON- 

ARCHIMEDEAN 2-BANACH SPACES 

 Throughout this section, let < be a normed space and let P be a normed a non-Archimedean 2-Banach 
spaces.  

Lemma 3.1  Let �: < → P be mapping satisfies the following inequality:  
 ‖�(� + � + 	) + �(�) + �(�) + �(	) − �(� + �) − �(� + 	) − �(	 + �), Q‖ ≤ R(�, �, , 	, Q) (4) 

 
for all �, �, 	 ∈ < and Q ∈ P, and f satisfies f(0)=0, where R: <S × P → L0, ∞) is arbitrary mapping. Then,  

 O�(�) − �TI�
�UTVW �(2?�) + �TX�

�UTVW �(−2?�), QO 

 ≤ max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), Y�ZVWI�Y

|�|UZV[ R(2\�, 2\�, −2\�, Q): (5) 

 0 ≤ A ≤ 9 − 1} 
 for all � ∈ < , Q ∈ P and 9 ∈ E  

  
Proof. Let �: < → P be mapping satisfies (4) and �(0) = 0, 
by putting � = � = −	 in (4), we have,  
 ‖3�(�) + �(−�) − �(2�), Q‖ ≤ R(�, �, −�, Q) (6) 

 By substituting x by -x in (6), we obtain,  
 ‖3�(−�) + �(�) − �(−2�), Q‖ ≤ R(−�, −�, �, Q) (7) 

 Now we will use the induction on n to prove our lemma, 
For n=1 on (5) we have for � ∈ <, Q ∈ P 
 

 O�(�) − S
^ �(2�) + �

^ �(−2�), QO 

     = �
^ ‖8�(�) − 3�(2�) + �(−2�), Q‖ 

     = `�
^` ‖9�(�) + 3�(−�) − 3�(2�) − 3�(−�) − �(�) + �(−2�), Q‖ 

     ≤ max{`S
^` ‖3�(�) + �(−�) − �(2�)‖, `�

^` ‖−3�(−�) − �(�) + �(−2�), Q‖} 

 by(6)and(67) 

     ≤ max{`S
^` R(�, �, −�, Q), `�

^` R(−�, −�, �, Q)}                                 (8) 

 Which satisfies the inequality (5) for n=1. 
its easy to show that  

 �(�) − �TVWI�
�UTV[ �(2?I��) + �TVWX�

�UTV[ �(−2?I��) 

 = �(�) − �TI�
�UTVW �(2?�) + �TX�

�UTVW �(−2?�) + �TVWI�
�UTV[ (3�(2?�) + �(−2?�) 

 −�(2?I��)) − �TVWX�
�UTV[ (3�(−2?�) + �(2?�) − �(−2?I��) (9) 

 for all � ∈ < and 9 ∈ E. 
Now assume that the inequality (5) is true for n=m, we want to show that it’s true for9 = > + 1. So by (9) 

and Triangle inequality, we have  

 O�(�) − �dVWI�
�UdV[ �(2FI��) + �dVWX�

�UdV[ �(−2FI��), QO 
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 ≤ max{max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), Y�ZVWIY

|�|UZV[ R(2\�, 2\�, −2\�, Q) 

 : 0 ≤ A ≤ > − 1}, Y�dVWI�Y
|�|UdV[ R(2F�, 2F�, −2F�, Q), Y�dVWX�Y

|�|UdV[ R(−2F�, −2F�, 2F�, Q)} 

 ≤ {max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), Y�ZVWI�Y

|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A ≤ >} 

≤ {max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), Y�ZVWI�Y

|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A < > + 1}  

Therefore we verify the inequality (5) for m+1, Thus, we end the induction. Hence, the proof of lemma is 
holds for all 9 ∈ ℕ.  

 In the following theorem, Hyers-Ulam stability of equation(2) is proved under approximately even 
condition in a non-Archimedean 2-Banach spaces.  

Theorem 3.2  Assume that R: <S × P → L0, ∞) and f: < → L0, ∞) are mappings such that for all �, �, 	 ∈
< and Q ∈ P,  

 lim
?→B

g(�Th,�Ti,�Tj,k)
|�|UT = 0, (10) 

  

 lim
?→B

max{Y�ZVWX�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): 0 ≤ A < 9}    exists, (11) 

 lim
?→B

max{Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): 0 ≤ A < 9}    exists (12) 

 
Also, let �: < → P be a mappings satisfies f(0)=0 such that holds: 
for all �, �, 	 ∈ < and ∀Q ∈ P,  
 (A)‖�(� + � + 	) + �(�) + �(�) + �(	) − �(� + �) − �(� + 	) − �(	 + �), Q‖ ≤ R(�, �, 	, Q) 
  (13) 
 (AA)‖�(�) − �(−�), Q‖ ≤ f(�), (14) 

 (AAA) lim
?→B

n(�Th)
|�|UT     forallx ∈ X (15) 

 
Then there exists a unique quadratic mapping q: < → P which satisfies (2) and the inequality:  

 ‖�(�) − q(�), Q‖ ≤ lim
?→B

max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), 

 
Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A < 9} (16) 

 for all � ∈ < and Q ∈ P. 
Moreover if,  

 lim
?→B

lim
r→B

max{Y�ZVWX�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): s ≤ A < 9 + s} = 0, (17) 

 and        lim
?→B

lim
r→B

max{Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): s ≤ A < 9 + s} = 0. (18) 

 Then q is a unique quadratic mapping.  
  
Proof. Let �: < → P be a mapping satisfies the inequalities (13), then for all � ∈ <, and Q ∈ P, we have for 

9 ∈ ℕ  

 O �TX�
�UTVW �(2?�) − �TX�

�UTVW �(−2?�), QO = |�TX�|
|�|UTVW ‖�(2?�) − �(−2?�), Q‖ 

 ≤ |�TX�|
|�|UTVW f(2?�)        by(14) (19) 

 for all � ∈ <, Q ∈ Y and 9 ∈ E,  

 O�(�) − �
�UT �(2?�), QO = O�(�) − �

�UT �(2?�) + �TI�
�UTVW �(2?�) − �TI�

�UTVW �(2?�) 

     + �TX�
�UTVW �(−2?�) − �TX�

�UTVW �(−2?�), QO 

 = O�(�) − �TI�
�UTVW �(2?�) + �TX�

�UTVW �(−2?�) − �
�UT �(2?�) 

     + �TI�
�UTVW �(2?�) − �TX�

�UTVW �(−2?�), QO 

 = O(�(�) − �TI�
�UTVW �(2?�) + �TX�

�UTVW �(−2?�) 

 +(− �
�UT �(2?�)     + �TI�

�UTVW �(2?�) − �TX�
�UTVW �(−2?�)), QO 

 ≤ O�(�) − �TI�
�UTVW �(2?�) + �TX�

�UTVW �(−2?�), QO 

 + O �TX�
�UTVW �(2?�) − �TX�

�UTVW �(−2?�), QO 

 by(19) and lemma(3.1), the right side satisfies  
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 ≤ max{max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), Y�ZVWI�Y

|�|UZV[ R(2\�, 2\�, −2\�, Q) 

    ∶ 0 ≤ A ≤ 9 − 1}, |�TX�|
|�|UTVW f(2?�)} (20) 

 for 9, > ∈ ℕ and 9 ≥ >. This implies that,  

 O�(�) − �
�U(Tvd) �(2?XF�), QO ≤ max{max{Y�ZVWX�Y

|�|UZV[ R(−2\�, −2\�, 2\�, Q), 

 
Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A ≤ (9 − >) − 1}, |�TvdX�|

|�|U(Tvd)VW f(2?XF�)} (21) 

 for 9, > ∈ ℕ and 9 ≥ >. 
By replacing x by 2F� in (21) we obtain  

 O�(2F�) − �
�U(Tvd) �(2?XF2F�), QO ≤ max{max{Y�ZVWX�Y

|�|UZV[ R(−2\IF�, −2\IF�, 2\IF�, Q), 

 
Y�ZVWI�Y
|�|UZV[ R(2\IF�, 2\IF�, −2\IF�, Q): 0 ≤ A ≤ (9 − >) − 1}, |�TvdX�|

|�|U(Tvd)VW f(2?�)} (22) 

 But    ‖2X�?�(2?�) − 2X�F�(2F�), Q‖ = |2|X�FG�(2F�) − 2X�(?XF)�(2?XF�), QG  
So by (22) we have  
         ‖2X�?�(2?�) − 2X�F�(2F�), Q‖ ≤

|2|X�Fmax{max{Y�ZVWX�Y
|�|UZV[ R(−2\IF�, −2\IF�, 2\IF�, Q), 

     Y�
ZVWI�Y

|�|UZV[ R(2\IF�, 2\IF�, −2\IF�, Q): 0 ≤ A ≤ (9 − >) − 1}, |�TvdX�|
|�|U(Tvd)VW f(2?�)} (23) 

 By replacing 9 by 9 + 1 and > by n in (32) we have,  

 G2X�(?I�)�(2?I��) − 2X�?�(2?�), QG ≤ max{max{ |�|
|�|[

g(X�Th,X�Th,�Th,k)
|�|UT , 

     |S|
|�|[

g(�Th,�Th,X�Th,k)
|�|UT }, |�|

|�||�|U(TVW) f(2?I��)} (24) 

 By (10) and (15), then for all 9 ≥ >, the right side of the inequality (24) tends to 0 as 9 tends to ∞. 
This implies that the sequence {2X�?�(2?�)} is Cauchy sequence in P, by completeness of P this sequence 

is convergent. Define q: < → P by  
 q(�) = lim

?→B
2�?�(2?�)            ∀x ∈ X. (25) 

  
 ‖q(� + � + 	) + q(�) + q(�) + q(	) − q(� + �) − q(� + 	) − q(	 + �), Q‖ 
     = lim

?→B
2X�?| |�(2?(� + � + 	)) + �(2?�) + �(2?�) + �(2?	) − �(2?(� + �)) 

                                                                         −�(2?(� + 	)) − �(2?(	 + �)), Q| | 
 by (13), the right side  

 ≤ lim
?→B

g(�Th,�Ti,�Tj)
|�|UT = 0                                                                     (26) 

 for all �, �, 	 ∈ <, ∀Q ∈ P and 9 ∈ E. By lemma(2.6) we have, 
q(� + � + 	) + q(�) + q(�) + q(	) − q(� + �) − q(� + 	) − q(	 + �) = 0 

Hence, q is a quadratic mapping. 
 Now let q(�) = lim

?→B
2X�?�(2?�) and q(−�) = lim

?→B
2X�?�(−2?�)  

 ⇒ ‖q(�) − q(−�), Q‖ = lim
?→B

|2|X�?‖�(2?�) − �(−2?�), Q‖ 

 ≤ lim
?→B

|2|X�?f(2?�) 

 = 0        as    n → ∞ 
 ‖q(�) − q(−�), Q‖=0 ⇒ q(�) = q(−�), that is q is even. 

 By |2|? ≤ 1 for all 9 ∈ ℕ we get,  

 
|�TX�|
|�|UTVW f(2?�) ≤ max{ |�|

|�|UTVW f(2?�), |�|
|�|UTVW f(2?�)} = |�|

|�|UTVW f(2?�) (27) 

 By (20) we have,  

 ‖�(�) − �
�UT �(2?�), QO ≤

max{max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), Y�ZVWI�Y

|�|UZV[ R(2\�, 2\�, −2\�, Q): 
 0 ≤ A ≤ 9 − 1}, |�TX�|

|�|UTVW f(2?�)} 

 By (27)  

 ≤ max{max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q),        Y�ZVWI�Y

|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A ≤ 9 − 1}, 
                     |�|

|�|UTVW f(2?�)}, (28) 

 so we have for all � ∈ < and ∀Q ∈ P  
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 ‖�(�) − q(�), Q‖ = lim
?→B

O�(�) − �
�UT �(2?�)O         bylemma(2.9) 

 ≤ lim
?→B

max{max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), 

 
Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A ≤ 9 − 1}, 

 
|�|

|�|UTVW f(2?�)} 

 ≤ lim
?→B

max{{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), 

 
Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A ≤ 9 − 1}} 

 for all � ∈ < and all Q ∈ P. This means that q is satisfies the inequality (16) be satisfied . 
 Let z: < ⟶ P be another quadratic mapping, which satisfies Equation (2) and inequality (16), 
By [12], we have q(2r�) = 4rq(�) and z(2r�) = 4rz(�) for all � ∈ < and s ∈ E 
so for all � ∈ <, Q ∈ P and s ∈ ℕ,  

 ‖q(�) − z(�), Q‖ = �
|�|U{ ‖q(2r�) − z(2r�), Q‖ 

 ≤ �
|�|U{ max{‖q(2r�) − �(2r�), Q‖, ‖z(2r�) − �(2r�), Q‖} 

 By(? ? )                                         
 ≤ max �

|�|U{ max{ lim
?→B

{Y�ZVWX�Y
|�|UZV[ R(−2\Ir�, −2\Ir�, 2\Ir�, Q), 

                     Y�
ZVWI�Y

|�|UZV[ R(2\Ir�, 2\Ir�, −2\Ir�, Q): 0 ≤ A < 9}} 

 ≤ max �
|�|U{ max{ lim

?→B
{Y�ZVWX�Y

|�|UZV[ R(−2\�, −2\�, 2\�, Q), 

                 Y�
ZVWI�Y

|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 + s ≤ A < 9 + s}} 

 Now let s → ∞ in both inequality, so by (17) and (18) the right side goes to 0, we have ‖q(�) − z(�), Q‖ = 0  for 
all � ∈ < and Q ∈ P. This implies that q(�) = z(�), hence q is a unique. 

Therefore, the proof is complete.  
 Similarly, as the proof theorem (3.2), the Hyers-Ulam stability of equation(2) is proved under 

approximately odd condition in a non-Archimedean 2-Banach spaces.  
Theorem 3.3  Assume that R: <S × P → L0, ∞) and f: < → L0, ∞) are mappings such that for all �, �, 	 ∈

< and Q ∈ P,  

 lim
?→B

g(�Th,�Ti,�Tj,k)
|�|T = 0 (29) 

  

 lim
?→B

max{Y�ZVWX�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): 0 ≤ A < 9}        exists, (30) 

  

 lim
?→B

max{Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): 0 ≤ A < 9}        exists, (31) 

 
also, let �: < → P be a mapping satisfies f(0)=0 and such holds: 
for all �, �, 	 ∈ < and ∀Q ∈ P,  
 (A)‖�(� + � + 	) + �(�) + �(�) + �(	) − �(� + �) − �(� + 	) − �(	 + �), Q‖ ≤ R(�, �, 	, Q)(32) 
 (AA)‖�(�) + �(−�), Q‖ ≤ f(�) (33) 

 (AAA) lim
?→B

n(�Th)
|�|T = 0    forallx ∈ X (34) 

 Then there exists a additive quadratic mapping �: < → P which satisfies (2) and the inequality:  

 ‖�(�) − �(�), Q‖ ≤ lim
?→B

max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q)         

 
Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A < 9}                 (35) 

 forallx ∈ Xandu ∈ Y. Moreoverif, 
  

 lim
?→B

lim
r→B

max{Y�ZVWX�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): s ≤ A < 9 + s} = 0, (36) 

 
 

 lim
?→B

lim
r→B

max{Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): s ≤ A < 9 + s} = 0, (37) 

 Then F is a unique quadratic mapping.  
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Proof. Let �: < → P be a mapping satisfies the inequalities (32), 
Now by (33) for all � ∈ <, and Q ∈ P, we have for 9 ∈ ℕ  

 O �TX�
�UTVW �(2?�) + �TX�

�UTVW �(−2?�)O ≤ |�TX�|
|�|UTVW f(2?�) (38) 

 for all � ∈ <, Q ∈ Y and 9 ∈ E,  

 O�(�) − �
�T �(2?�), QO = O�(�) − �TI�

�UTVW �(2?�) + �TX�
�UTVW �(−2?�) 

                     + X�TX�
�UTVW �(2?�) − �TX�

�UTVW �(−2?�)), QO 

 ≤ max{O�(�) − �TI�
�UTVW �(2?�) + �TX�

�UTVW �(−2?�), QO, 
                         O �TI�

�UTVW �(2?�) + �TX�
�UTVW �(−2?�), QO} 

 by(38) and lemma(3.1),  

 ≤ max{max{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), Y�ZVWI�Y

|�|UZV[ R(2\�, 2\�, −2\�, Q) 

 : 0 ≤ A ≤ 9 − 1}, |�TX�|
|�|UTVW f(2?�)} (39) 

 This implies that for 9, > ∈ E and 9 ≥ >.  

 O�(�) − �
�(Tvd) �(2?XF�), QO ≤ max{max{Y�ZVWX�Y

|�|UZV[ R(−2\�, −2\�, 2\�, Q), 

 
Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A ≤ (9 − >) − 1}, |�TvdX�|

|�|U(Tvd)VW f(2?XF�)} (40) 

 By replacing x by 2F� in (40)  

 O�(2F�) − �
�(Tvd) �(2?XF2F�), QO 

         ≤ max{max{Y�ZVWX�Y
|�|UZV[ R(−2\IF�, −2\IF�, 2\IF�, Q), 

         Y�
ZVWI�Y

|�|UZV[ R(2\IF�, 2\IF�, −2\IF�, Q): 0 ≤ A ≤ (9 − >) − 1}, 
         |�TvdX�|

|�|U(Tvd)VW f(2?XF. 2F�)} (41) 

 So by(41) we have  
   ‖2X?�(2?�) − 2XF�(2F�), Q‖ 

 ≤ |2|XFmax{max{Y�ZVWX�Y
|�|UZV[ R(−2\IF�, −2\IF�, 2\IF�, Q), 

 
Y�ZVWI�Y
|�|UZV[ R(2\IF�, 2\IF�, −2\IF�, Q): 0 ≤ A ≤ (9 − >) − 1}, 

 
|�TvdX�|

|�|U(Tvd)VW f(2?XF. 2F�)} (42) 

 
Replacing 9 by 9 + 1 and > by 9 in (42) we have,  
 G2X(?I�)�(2?I��) − 2X?�(2?�), QG 

 ≤ |2|X?max{max{Y��VWX�Y
|�|UZV[ R(−2\I?�, −2\I?�, 2\I?�, Q), 

 
Y��VWI�Y

|�|UZV[ R(2\I?�, 2\I?�, −2\I?�, Q): 0 ≤ A ≤ (9 + 1 − 9) − 1}, 
 

Y�TVWvTX�Y
|�|U(TVWvT)VW f(2?I��)} 

 since |4| ≤ |2| since |4| = |2 + 2| ≤ max{|2|, |2|} = |2| and A = 0, we obtain,  
 G2X(?I�)�(2?I��) − 2X?�(2?�), QG 

 ≤ max{max{ |�|
|�|[

g(X�Th,X�Th,�Th,k)
|�|T , |S|

|�|[
g(�Th,�Th,X�Th,k)

|�|T }, 
                 |�|

|�|[|�|T f(2?I��)} 

 ≤ max{max{ |�|
|�|[

g(X�Th,X�Th,�Th,k)
|�|T , |S|

|�|[
g(�Th,�Th,X�Th,k)

|�|T }, 
                 |�|

|�|U|�|TVW f(2?I��)} (43) 

 for all 9 ≥ >, the right side of the inequality (43) tends to 0 as n tends to ∞). 
This implies that the sequence {2X?�(2?�)} is Cauchy sequence in P, by completeness of P this sequence 

is convergent. Define �: < → P by  
 �(�) = lim

?→B
2X?�(2?�)            ∀x ∈ Xandn ∈ N. (44) 

 For all 9 ∈ E, we know by a non Archimedean a absolute value |2|�?I� ≤ |2|?I� and |2|? ≤ 1, So we obtain,  

 
|�TX�|
|�|UTVW f(2?�) ≤ max{ |�|T

|�|UTVW f(2?�), |�|
|�|UTVW f(2?�)} = |�|

|�|UTVW f(2?�) 
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 By (39) we have,  

 O�(�) − �
�T �(2?�), QO ≤ max{max{Y�ZVWX�Y

|�|UZV[ R(−2\�, −2\�, 2\�, Q), Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, −2\�, Q) 

            ∶ 0 ≤ A ≤ 9 − 1}, |�|
|�|TVW f(2?�)}, 

 so we have for all � ∈ < and Q ∈ P  

 ‖�(�) − �(�), Q‖ = lim
?→B

O�(�) − �
�T �(2?�)O         bylemma(2.9) 

 ≤ lim
?→B

max{{Y�ZVWX�Y
|�|UZV[ R(−2\�, −2\�, 2\�, Q), 

         Y�
ZVWI�Y

|�|UZV[ R(2\�, 2\�, −2\�, Q): 0 ≤ A ≤ 9 − 1}} 

 This means the inequality (16) be satisfies. 
 The proof of uniqueness is the same way as that of theorem (3.2) by applying �(2X?�) = 2X?�(�) and 

z(2X?�) = 2X?z(�). 
Similarly as proof of Theorem (3.2) due to (33) we see that mapping � is odd. 
By putting 	 = −� in (2) and considering the oddness of � and letting Q = � + �, � = � − �, we get 

2�(kI�
� ) = �(Q) + �(�), since �(0) = 0, the � is additive. Hence the proof is complete.  

 Now, we will study the generalized stability of the following n-dimensional functional equation on a non-
Archimedean 2-Banach spaces:  

 ��(��, . . . , �r) = �(∑r
\�� �\) + (s − 2) ∑r

\�� �(�\) − ∑r
\�� ∑r

H��,H�\ �(�\ + �H) (45) 

 for any s ≥ 3. 
By Janfada[14] we can see that the quadratic function �: < → P defined by �(�) = �� and any additive 

mapping not only satisfies the following equation functional:  
 �(� + � + 	) + �(�) + �(�) + �(	) = �(� + �) + �(� + 	) + �(� + 	) (46) 

 but also,  
 ��(��, . . . , �r) = 0 (47) 

 For all �\ ∈ <, A = 1,2, . . , s. 
 In following we prove the generalized Hyers-Ulam-Rassias stability of (47) will be proved in non-

Archimedean 2- normed spaces by using theorems (3.2) and (3.3). 
Throughout this section, Let < be a normed space and let P be normed non -Archimedean 2-Banach 

spaces.  
Theorem 3.4 Let < and P be common domain and range of the �′� in the functional equations (46) and 

(47). Then the functional equation (47) is equivalent to (46).  
  
Proof. See [14]  
  
Corollary 3.5  Let s ∈ ℕ and s ≥ 3. Assume that mapping �: <r × P → P such that �(0) = 0 and � 

satisfies the following inequalities:  
 G�(∑r

\�� �\) + (s − 2) ∑r
\�� �(�\) − ∑r

\�� ∑r
H��,H�\ �(�\ + �H), QG ≤ �(��, ��, . . . , �r , Q) (48) 

  
 ‖�(�) − �(−�), Q‖ ≤ f(�) (49) 

 Where �: <r × P → L0, ∞) and f: < → L0, ∞) are mapping such that for all ��, ��, �S, ∈ < and ∀Q ∈ P,  

 lim
?→B

�(�ThW,�ThU,�Th[,:,..,:,k)
|�|UT = 0 (50) 

  

 lim
?→B

max{Y�ZVWX�Y
|�|UZV[ R(2\��, 2\��, 2\�S, 0,0, . . . ,0, Q): 0 ≤ A < 9}    exists, (51) 

 lim
?→B

max{Y�ZVWI�Y
|�|UZV[ R(2\��, 2\��, −2\�S, 0,0, . . . ,0, Q): 0 ≤ A < 9}    exists, (52) 

 lim
?→B

lim
r→B

max{Y�ZVWX�Y
|�|UZV[ R(2\�, 2\�, 2\�, 0,0, . . . ,0, Q): s ≤ A < 9 + s} = 0, (53) 

 lim
?→B

lim
r→B

max{Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, 2\�, 0,0, . . . ,0, Q): s ≤ A < 9 + s} = 0, (54) 

 and,  

 lim
?→B

n(�Th)
|�|UT = 0    forallx ∈ X (55) 

 Then there exists a unique quadratic mapping q: < → P which satisfies (47) and the inequality:  
 ‖�(�) − q(�), Q‖ ≤ max{R�(−�, −�, �, Q), ��(�, �, −�, Q)} (56) 

 Where,  
 R(��, ��, �S, Q) = {�(��, ��, �S, 0,0, . . . ,0), (57) 



Zenada FSA & Elmaged EAA                             Euro. J. Adv. Engg. Tech., 2022, 9(12):11-20 

_____________________________________________________________________________ 

19 
 

 

 R�(��, ��, �S, Q) = lim
?→B

max{Y�ZVWX�Y
|�|UZV[ R(2\��, 2\��, 2\�S, Q): 0 ≤ A < 9} (58) 

 ��(��, ��, �S, Q) = lim
?→B

max{Y�ZVWI�Y
|�|UZV[ R(2\��, 2\��, 2\�S, Q): 0 ≤ A < 9} (59) 

  
  
Proof. Let �: <r × P → P be mapping satisfies (48), �(0) = 0 and by setting (��, ��, �S, . . . , �? , Q) =

(��, ��, �S, 0,0, . . . ,0, Q) in (48), we obtain,  
 ‖�(�� + �� + �S) + �(��) + �(��) + �(�S) − �(�� + ��) − �(�� + �S) 
 −�(�� + �S), Q‖ ≤ �(��, ��, �S, 0, . . ,0, Q) (60) 

 Now by Considering R(��, ��, �S, Q) = �(��, ��, �S, 0,0, . . . ,0, Q) we see that R satisfies (10),(11),(12) and So 
using Theorem(3.2) we get (56).  

  
Corollary 3.6  Let s ∈ ℕ and s ≥ 3. Assume that mapping �: <r × P → P such that �(0) = 0 and � 

satisfies the following inequalities:  
 G�(∑r

\�� �\) + (s − 2) ∑r
\�� �(�\) − ∑r

\�� ∑r
H��,H�\ �(�\ + �H), QG ≤ �(��, ��, . . . , �r , Q) (61) 

  
 ‖�(�) + �(−�), Q‖ ≤ f(<) (62) 

 Where �: <r × P → L0, ∞) and f: < → L0, ∞) are mapping such that for all �, �, 	 ∈ < and ∀Q ∈ P,  

 lim
?→B

�(�Th,�Ti,�Tj,:,..,:,k)
|�|T = 0 (63) 

 for all �, �, 	 ∈ < and ∀Q ∈ P,  

 lim
?→B

max{Y�ZVWX�Y
|�|UZV[ R(2\�, 2\�, 2\	, 0,0, . . . ,0, Q): 0 ≤ A < 9} (64) 

  

 lim
?→B

max{Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, 2\	, 0,0, . . . ,0, Q): 0 ≤ A < 9} (65) 

 are exists for all �, �, 	 ∈ < and ∀Q ∈ P. 
 

 lim
?→B

lim
r→B

max{Y�ZVWX�Y
|�|UZV[ R(2\�, 2\�, 2\�, 0,0, . . . ,0, Q): s ≤ A < 9 + s} = 0, (66) 

  

 lim
?→B

lim
r→B

max{Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, 2\�, 0,0, . . . ,0, Q): s ≤ A < 9 + s} = 0, (67) 

  

 lim
?→B

n(�Th)
|�|T     forallx ∈ X (68) 

 Then there exists a unique quadratic mapping �: < → P which satisfies (2) and the inequality:  
 ‖�(�) − �(�), Q‖ ≤ max{R�(−�, −�, �, Q), ��(�, �, −�, Q)} (69) 

 Where,  
 R(�, �, 	, Q) = �(�, �, 	, 0,0, . . . ,0, Q) (70) 

 R�(�, �, 	, Q) = lim
?→B

max{Y�ZVWX�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): 0 ≤ A < 9} (71) 

 ��(�, �, 	, Q) = lim
?→B

max{Y�ZVWI�Y
|�|UZV[ R(2\�, 2\�, 2\	, Q): 0 ≤ A < 9} (72) 

  
  
Proof. Let �: <r × P → P be mapping satisfies (61) and �(0) = 0. 
Similarly as in proof of theorem(3.5) we can see that  
 ‖�(�� + �� + �S) + �(��) + �(��) + �(�S) − �(�� + ��) − �(�� + �S) 
 −�(�� + �S), Q‖ ≤ �(��, ��, �S, 0,0, . . . ,0, Q) (73) 

 Consider R(��, ��, �S, Q) = �(��, ��, �S, 0,0, . . . ,0, Q) 
This implies that  

 lim
?→B

g(�ThW,�ThU,�Th[,k)
|�|T = lim

?→B
�(�ThW,�ThU,�Th[,:,:,...,:,k)

|�|T = 0 

 Similarly, as proof of theorem (3.5) we see that R satisfies (29), (30) and (31), so we can use Theorem (3.3), we get 
(69) and by satisfy (36),(37) � is unique.  

  
4. CONCLUSION 

A study of the stability properties of a type of quadratic equation in non-Archimedean 2-Banach spaces has been 
done. The stability quadratic functional equation with n-variable has been proved on the same space . It would be 
interesting also to study smilier properties for n-normed spaces. 



Zenada FSA & Elmaged EAA                             Euro. J. Adv. Engg. Tech., 2022, 9(12):11-20 

_____________________________________________________________________________ 

20 
 

 

 
REFERENCES 

 
[1]. S.M. Ulam, “A Collection of the Mathematical problems", Inter science Publ., New York,1960  
[2]. D.H. Hyers, “On the stability of the linear functional equation", Proc.Natl.ACad.SCI.27(1941)222-224.  
[3]. S. Gahler, “2-metrische Raume und ihre topologische Struktur",Math . Nachr.26 (1963) 115-118.  
[4]. S. Gahler, “Linear 2-normeiert Raumen",Math . Nachr.28 (1964) 1-43  
[5]. S. Jung, “On the Hyers - Ulam Stability of the Functional Equation That have the quadratic 

Property",J.Math.anal. appl.222,(1998) 126-137  
[6]. T.Aoki, “On the Stability of the linear transformation in Banach spaces ",J.Math.Soc.Japan,2(1950) 64-66. 

appl.222,(1998) 126-137  
[7]. Th.M.Rassias, “On the Stability of the linear mappings in Banach spaces ",Amer.Math.Soc.72(1978) 297-

300.  
[8]. S. Gahler, “Lineare 2-normierte Raumen",Math . Nachr.28 (1964) 1-43(German).  
[9]. S. Gahler, “Uber 2-Banach- Raumen",Math . Nachr.42 (1969) 335-347(German).  
[10]. A. White,“ 2-Banach spaces",Math . Nachr.42 (1969) 43-60  
[11]. W.G Park. Gahler, “Approximate additive mappings in 2-Banach spaces and related 

topics",j.Math.Anal.Appl,376(2011) 193-202.  
[12]. G.H.Kim. “On the stability of quadratic mappings in normed spaces",IIMM5(20O1) 217-229.  
[13]. P. Nakmahachalasint,“On the generalized Ulam-Gavruta-Rassias stability of mixed type linear and Euler-

Lagrnge-Rassias functional equation" International Journal of Mathematics and Mathematical Sciences, 
vol.2007, Article ID 63239,10 pages, 2007.  

[14]. M.Janfada and R.Shourvazi, “Solution and Generalized Hyers-Ulam Rassias stability of Generalized 
quadratic -additive functional",A.A.Anal.(2011),326951.  

[15]. P.Kannappan,“Quadratic functional equation and inner product spaces", Results in Mathematics, vol.27, 
no 3-4,pp.368-372,1995.  

[16]. S.M.Jung,“quadratic functional equations of Pexider type", International journal of Mathematics and 
Mathematical Science, vol.24, no.5, pp.351-359,2000.  

[17]. J.H.Bae and W.G.Park,“ On stability of a functional equation with n variables Non-linear Analysis", 
Theory, Method and Applications, vol.64, no.4,pp.856-868,2006.  

[18]. P.GÃ£vruta, “Generalization of the Ulam-Rassias stability of a approximately additive mappings", 
J.MAth. Anl. Appl.184(1994), no.3,pp. 431-436.  

[19]. G.Kim,“On the stability of the quadratic mapping in normed spaces", I.JMM. vol.25, no.4, pp.217-
229(2001).  

[20]. F. Skof,“Propriet locali e approssimazione di operatori",Rend. Sem.Mat. Fis. Milano, 53 (1983) 1130129  
[21]. K.Hensel,“ber eine neue Begrndug der theoric der algebraischen Zahlen",Jahresber, Dtsch. Math, 

ver.6(1897),83-88  
[22]. M. S. Moslehian and T.H. Rassias, Stability of functional equation in non- Archimedean spaces, 

Applicable Anal. Discrete Math.1(2007),325-334  
[23]. P.J. Nyikos,“ On non-Archimedean spaces of Alexandrof and Urysohn, Topology and its Applications", 

91(1991), 1-23  
[24]. A.Mirmostafaee,“ Non-Archimedean stability of quadratic equations", Fixed point theory 11(2010), no.1, 

67-75  
[25]. S.Yun,“ A proximate additive mappings in 2-Banach spaces and related topics", Korean.J.Math.23(2015) , 

no.3, 393-399 
 
 
 


