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ABSTRACT

In this paper we investigate the periodic solution for nonlinear system of differential equations of some operators with
impulsive action, by using the numerical-analytic method for periodic solutions which is given by Samoilenko. Theorems
on existence and uniqueness of solutions are established under some necessary and sufficient conductions on compact
space. This investigation leads us to the improving and extending to the above method and expands the results gained by
Butris.
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1. INTRODUCTION
There are many subjects in physics and technology using mathematical methods that depends on the nonlinear

differential equations, and it became clear that the existence of the periodic solutions and it's algorithm structure from
more important problems in the present time. Where many of studies and researches dedicates for treatment the
autonomous and non-autonomous periodic systems and specially with the integral equations and differential equations
and the linear and nonlinear differential and which is dealing in general shape with the problems about periodic solutions
theory and the modern methods in its quality treatment for the periodic differential equations. Samoilenko [6]
andothersthey usednumerical analytic method to study the periodic solutions of differential equation and this method
include uniformly sequences of periodic functions in studies [2-10].

Butris [2] assumes the numerical analytic method to study the periodic solutions for the ordinary differential equations
and its algorithm structure and this method include uniformly sequences of the periodic functions and the result of that
study is the using of the periodic solutions on a wide range for example see the following system of nonlinear differential
equation, which has the form:

i—i=/1x+f(t,x,y) , t#t , Ax =1(xy),
@ _ A =G
E-ﬁx%—g(t,x,y) , t#t , Ay t=t, = ((x,y)

wherex € Dy € R", y € Dg S R", D, isaclosed and bounded domain.

The vector functions f (¢, x, y)andg(t, x, y)are defined on the domain:

(t,x,¥) € R X D; X Dg = (—00,00) X D; X Dy

Our work, we investigate the periodic solution for nonlinear system of differential equations of some operators with
impulsive action, by using the numerical-analytic method for periodic solutions which is given by Samoilenko [5].

Consider the system of differential equations of some operators with impulsive action which has the form:
Z—); = f(t, x,Ax,Bx ), T # ‘ti}

1
Ax|;—, = I;(x, A, Bx)
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where x € D, D is the closure of bounded domain subset in R".

The vector functions f(t, x,y,z ) and g(t, x,y ) are defined on the domain

(t,x,(y,z)) ER' X DxD; = (—,0) x D x D, (2)
which are piecewise continuous functions in t, x,y,z and periodic in t of period T.

Let I;(x,y,z ) be continuous vector functions, defined on the domain (2) and

iy z)=L&xyz), Ty —6=T 3
foralli € z*,x € D, (z,y) € D, and for some number p, {t;}is finite positive sequence of numbers.

Suppose that the operators A and B transform any piecewise continuous functions from the domain D to the piecewise
contiuous function in the domain D, respectively. Moreover

Ax(t+ T) = Ax(t) and Bx(t + T) = Bx(t).

Let the functions f(t,x,y,z ), g(t, x,y,2), 1i(t, X, ¥,z ) and the operators A, B satisfy the following inequalities.

IfCt,xy,z)|l < My, [Ii(tx,y,2) || < M,, 4
1£Ct, x1, y1,20) — (&, X2, 2, Z22) || < Kyllx1 — X2 |l + Kz llys — vl + Ksllz — 2|l

llg(t, x1,y1,21) — 8(t, X2, ¥2, 22) Il < Qullxy — X1l + Qallys — y2ll + Qsllzy — z | ®)
and

11.(t, X1, ¥4, 21, i) — 1i(6 X2, ¥2, 22, Wo) Il < Lallxy — X2l + Lallys — yall + Lsllzg — z0l + [lwy — wo|| (6)
lAx; (£) — Ax, (D] + [IBx1 () — Bx, (D)l < (G1 + G2) lIx, () —x (Ol )

fOI’ a” tERl, X, X1, X2 ED,y,yl,yZ,Z,Zl,Zz EDl Where Ml'MZ'K1'K2'K3'Q1'QZ' Q3,L1,L2,L3 and Gl'GZ are a
positive constants.
Consider the matrix

T
Q= ( Ky K ) (8)
pTH 2pH
Where
K= (K + Ky + K)[1+ (G +G) + (Q + Q + Q3)(1+(Gy +Gyp))]
and
H=(L;+ L+ L3 )[14(G; + G;) + (Q; + Q2 + Q3)(1 + (Gy + Gy))]
We define the non-empty sets as follows
Dy=D— M5 +2p M,
T
Dif =Dy = [My 5 +2p Mp](Gy +Gp)
Furthermore, we suppose that the greatest Eigen-value A, 0f the matrix A does not exceed unity, i.e.
®=K+pHZ+K3) <1. (10)
Lemma 1. Let f(t) be a continuous (piecewise continuous) vector function in the interval 0 < t < T. Then

©)

t T
1
f (f(s) — f f(5)ds)ds|| < a(®) max IO
0 0

where a(t) = 2t(1 — %) . (For the proof see [5]) .

2. APPROXIMATE SOLUTION
The investigation of a periodic approximate solution of the system (1) makes essential use of the statements and
estimates given below.
Theorem 1. If the system of integro-differential equations with impulsive action (1) satisfy the inequalities (3) to 7) and
the conditions (8), (10) has a periodic solution x = x(t, X,) , passing through the point (0, x,), Xy € D¢,
Ax, € Dy and Bx, € Dy, then the sequence of functions:

t
Xoms1 (6 X0) = X0 + f [£(S, Xom (51 X0 Y (51 X0)s Zm (51 %0))
0

T

[ 80650500 Y0 502 7 5, 30) sl
0

£ (i (650D, Yo (650D, 7 (5,50))
0<ti<t

1
T
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- %Zip:l I; (Xm (£, X0), Ym (81, X0), Zm (81, X0) ), (11)
with

x0(t, Xg) =X and Axp, (t,%Xo) = ym (t,X0) and Bx,, (t, %) = zp, (t, X0),

m=20,12,

is periodic in t of period T, and uniformly convergent as m — oo in

(t,xg) € Rl X Df = (—o0, ) X D (12)

to the vector function x°(t, x,) defined on the domain (12), which is periodic in t of period T and satisfying the system of

integral equation
t

x(t,%0) = x0 + f [£(s, x(5, %), Y5, %0), 2(5, %))

0
T

1
_ff g(s,x(s,x0), (s, %0), z(s, X)) ds]ds
0

+ Z I (x(ti, %0), y(ti, X0), 2(t, Xo))

o<t<t
- %Zle I (X(ti' X0), y(ti, Xo), z(t;, Xo)): (13)
which a unique solution of the system (1) provided that
10t %0) = xoll < My +2p M, (14)
and
1X° (6, %0) = X (& Xp) || < 0™ (1 — )71 (My 5 + 2p M) (15)

for all m > 1,t € RY, where the eigen-value A of the matrix Q is a positive fraction less than one.
Proof. Consider the sequence of functions x; (t, xq), X5 (t, Xg), -+, Xm (£, X0), **+,

defined by recurrence relation (11). Each of the functions of the sequence is periodic in t of period T.
Now, by Lemma 1, we have

t
lIxm (t,X0) = Xoll = [0 +f[f(s,xm(5. X0), Y (8,X0), Zm (5, %)) —
0
T

1
— 3 [ 85 %0 5 %00, (5500, 20 5300 ) dslds +

0
£ G (6500, Vi (6500, 7 (6,%0) ) =

0<ti<t

p
t
- fz Ii(Xm (ti,%X0), Yin (1, X0), Zpm (&5, Xo)) — Xl
i=1 ¢
t
< (=) [ . 5500,y 50,7 (5500 s +
0

T
t
+ Tf "f(S, Xm (S,Xo), Ym (S' XO)! Zm (S, XO) )”ds ++ Z Ii "(Xm (ti'XO)' Ym (ti: XO) )”
t 0<ti<t
T

+”;—”Z?=1”Ii(xm (i, X0), Ym (ti:XO))” =M P 2p M, (16)

From (7) and (14), we have
T
Ay, (t, X0) — Axoll + [IBxy, (t,X0) — Bxgll < [M; 5 +2p M;](G; + Gy) (17)

for all x, € Dy.
Form =1, in (2.1), we get

t
t
lIx2(t, x) — X1 (& Xl < (1 — ?f Ky llx1(s,x0) — %oll + Kz lly1(s,%¢) — yo (s, %)l
0
+ K3lz1 (s, %0) — 2 (s, %)l )ds +
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T

t
[ KallxGsx0) = ol + Kallys (550) = yos o)l

t
+ K3llz1 (s, %0) — 2 (s, %)l )ds +
+ Z Ly [1x4 (£, x0) — Xoll + Lally1 (ti, x0) — yo (i, xo) |l

0<ti<t

+ Lallz1 (ti, x0) — 2o (i, xo) || + [Iwy (t;, X0) — wo (ti, X))
p
el
o ) Ll k) = xoll + Lallya (6 %) = yo i xo)|

i=1
+ Lsllz1 (i, %0) — 2o (ti, o))
t

t T

0
T
t T T
+Tf K(M15+ 2p M,)ds + H(M15 +2p M,)(G; + Gy)
t
T T
< a®)(M; 3 +2p M,) + H(M; 3 + 2p M,)(G; + G,)
S F1O((t) + F2 = Fl ; + F2 (18)
Where
T
F, = K(M1§+2p M;)
and
T
F, = H( M1E + 2p M;)(G; + Gy)
If the following inequality is true
”Xm (t, Xo) — Xm—-1 (t, Xo)” < Fl(m_l)a(t) + Fz(m—l)
T
<F m-1)7 + F2(m-1) (19)

forallm=1,2,-- .
Then, we shall to prove that

T T
”Xm+1 (t, XO) — Xm (t' XO)” < K(Fl(m_l) 2 + FZ(m_l))a(t) + sz(Fl(m_l) 2 + FZ(m_1) ) (20)
forallm =0,1,2, - .
By mathematical induction, we have

T
[1%m-+1.(6%0) = Xim (& X0) | < Fy gy 08 + Foy < 5 Finy + Foy s (21)
where
T
Fl(m+1) = KEFl(m) + KFZ(m) ’FZ(m+1) = pHTFl(m) + 2pHF2(m y (22)
T T
F1(0) = (le—l_ Zp Mp), FZ(O) = 2p( Ml;"’ 2p M),

m = 0,1,2,---.

It is sufficient to show that all solutions of (11) approach zero as m — oo, i.e. it is necessary and sufficient that the eigen
values of the matrix A are assumed to be within a unit circle.

It is well-known that the characteristic equation of the matrix A is

K2 +pH(2+K3) <1 (23)

And this ensures that the sequence of functions (11) is convergent uniformly on the domain (12) as m — o .

Let

limy, e Xm (6 X0) = Xeo (L, Xp), (24)

Since the sequence of functions (11) is periodic in t of period T, then the limiting is also periodic in t of period T.

Moreover, By lemma 1 and (24) and the following inequality
k-1

16 %0) = X (6 X < ) 101 (60D = X (6 3001 <
i=0
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k-1 ‘ T
< me+l(M1§+2p Mz)

i=0
is hold and the inequalities (14) and (15) are satisfied forallm = 0.
Finally, we have to show that x(t,x,) is unique solution of (1). on the contrary, we suppose that there is at least two
different solutions x(t, xo) and r(t, xq) of (1).
From (13), the following inequality holds:

t
t

IxCex0) = e xo)l < (1= ) [ KlixGs ) = 1 x0 s

0

T
t
b KlIxGs30) = G xodllds + ) Rl x0) = 1t
t o<t <t
+ = X0 H (6, %0) = (6, %p) (25)
Setting ||x(t, x9) — r(t, x¢)|| = h(t), the inequality (25) can be written as:
t T p
t t t
h(t) < (1 - f) f Kh(s)ds + ff Kh(s)ds + Z Hh(t) + TZ Hh(t)
0 t 0<ti<t i=1
Let max¢[o,r) h(t) = hy > 0. By iteration, we get:
h(t) < Npat) + M, (26)
From (2.14), we have:
T
(ﬂmﬂ) _ ( Ky K )(I\I\/][m) 27)
m+1 pTH ZpH m
which satisfies the initial conditions N, = 0, My = hythat is
T m
() = ( SR ) () (28)
m pTH 2pH m

Hence it is clear that if the condition (23) is satisfied then N, - 0 and M, = 0 asm — oo.
From the relation (26) we get h(t) = 0 or x(t, xo) = r(t, xo), i.e. x(t, Xo) is a unique solution of
1). m

3. EXISTENCE OF SOLUTION
The problem of the existence of periodic solution of period T of the system (1) is uniquely connected with the existence
of zeros of the function A(x,) which has the form:

1 T
Axg) = = [fy f(Ex0(6%0), ¥° (6 %0), 2°(t, %0)) dt + T, I (x (11, %0), ¥° (81, %0), 2° (81, %0) )] (29)
Since this function is approximately determined from the sequence of functions

T
1
B 0 = 3 L 16 505 500, ¥ 6 500, 7 (6 30))
0

+ 201 L Ko (6, %0), Yim (8, X0), Zin (£, %) )] (30)
wherex (t, x,) is the limiting of the sequence of functions (11). Also

yO(t,x¢) = Ax’(t, xo) and z°(t,xo) = Bx(t,%,)

Now, we prove the following theorem taking the following inequality will be satisfied for all m > 1.

1AGo) = A (o)l € @™ (1 = @) 72K +EH)(M; 5 + 2p My) (31)

Theorem 2. If the system of equations (1) satisfies the following conditions:

(i) The sequence of functions (11) has an isolated singular point x, = x°, A, (x,) = 0, for all t € R};

(i) The index of this point is nonzero;

(iii) There exists a closed convex domain D, belonging to the domain D; and possessing a unique singular point x° such
that on it is boundary Ty, the following inequality holds
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T
inf 1A, GOl < 0™ (1 — )1 (K+ LH)(M; = + 2p M)
x€lp, T 2

for all m > 1. Then the system (1) has a periodic solution x = x(t, x,) for which x(0) € D,.

Proof. By using the inequality (31) we can prove the theorem is a similar way to that of theorem 2.1.2 [2].

Remark 3.1[5]. When R™ = R?, i.e. when x'is a scalar, theorem 3.1 can be proved by the following.

Theorem 3.2. Let the functions f(t,x,y,y,z w) and I;(x,y,z w) of system (11) are defined on the interval [a,b] in RL.
Then the function (30) satisfies the inequalities:

. 0 -1 p
mma+(M1;+2p Mz)SxOSb—(M1§+2p My) An () < — 0" (1 — ) (K+ ?H) (32)
0 -1 p
maXa+(M1;+2p M2)s<b—(Mi3+2p Mp) Ap (x7) 2 0™ (1 — @) (K+ 1 H)
Then (1.1) has a periodic solution in t of period T for which
T T
x%(0) € [a+(M1§+2p M;),b — (M1§+2p M,)].
Proof.Let x; and x, be any points of the interval [a,b] such that
— : 0
Ap(xy) = min Ay (x )a+(M1;+2p M) <b—(My7+2p MZ)'\|
(33)
Ay (x2) = max Ay, (x%)

a+(Miz+2p Mp)sxOsh—(Mi3+2p Mp) )
By using the inequalities (31) and (32) , we have
An (xq) = A (%) + (Am (x1) — Ap, (Xl)) <0 ;} (34)
Ay (XZ) =Ay (XZ) + (Am (XZ) - Am(XZ)) >0

From the continuity of A(x®) and by using (3.6), there exists a point x° x° € [x;,x,], such that A(x°) =0, i.e. x =
x(t, xg) is a periodic solution in t of period T for which

T T
x%(0) € [a+(M1§+2p MZ),b—(Mlz+2p M,)].

Remark 3.2. It is clear that when we put I; = 0, we get a periodic solution of (1) without introducing impulsive action.

REFERNCES

[1]. Butris, R. N., Existence of a periodic solutions for nonlinear systems of differential equations of operators with
impulsive action, Irag, Mosul Univ J. Ed. and Sci., Vol. (15), (1994).

[2]. Butris, R. N., Periodic Solution for Nonlinear System of Differential Equations with Pulse Action of Parameters,
India, International Journal of Engineering Inventions,Vol. 1, Issue 12, (2012).

[3]. Butris, R.N. Periodic solutions of nonlinear systems of differential-operator equations with impulse action,
Ukrainian Mathematical Journal, Vol. 43, (1991).

[4]. Korol, 1. I., On periodic solutions of one class of systems of differential equations, Ukrainian, Mathematical J.
Vol. 57, No. 4, (2005).

[5]. Perestyuk, N.A., Martynyuk, D. I., Periodic solutions of a certain class systems of differential equations, Math.
J., Univ. Kiev, Kiev, Ukraine, 3. (1976).

[6]. Samoilenko, A. M. and Ronto, N. I., Numerical-analytic methods of investigating periodic solutions, Ukrainian,
Kiev, (1976).

[7]. Voskresenskii E.V., Periodic solutions of nonlinear system sand the averaging method, translated form
differential equations. State Univ., vol 28. No 4. (1992).

[8]. Shlapak Y. D. (Periodic solutions of first-order of ordinary differential equations unsolved with respect to the
derivative, Kive, Ukraine Math. J, Tom 5, (1980), pp. 850-854

[9]. Zavizion, G.V., Periodic solutions of integro-differential equations, J. of Diff. Equations, Vol. 45, No. 2, (2009).

[10]. Zzafer, A., Differential Equations and Their Applications, Second Edition, New Delhi, (2010).

32


https://link.springer.com/journal/11253

