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ABSTRACT

In this paper, the Elzaki transform homotopy perturbation method (ETHPM) has been successfully applied to obtain the
approximate analytical solution of the linear and nonlinear Klein-Gordon equations which arises in quantum field
theory, relativistic physics, wave theory and other physical phenomena. The proposed method is an elegant combination
of the new integral transform “Elzaki transform” and homotopy perturbation method. The method is really capable of
reducing the size of the computational work besides being the effective and convenient for solving linear and nonlinear
partial differential equations. Some numerical examples are used to illustrate the preciseness and effectiveness of the
proposed method.

Key words: Elzaki transform, Homotopy perturbation method, Linear and nonlinear Klein-Gordon equations.
2010 Mathematics Subject Classification: 35A22, 35C05, 35C10

1. INTRODUCTION
In recent years, many research workers have paid attention to find the solution of nonlinear differential equations by
using various methods. Nonlinear phenomena have important effects on applied mathematics, chemistry, physics and
related to engineering; many such physical phenomena are modeled in terms of nonlinear partial differential equations.
For example, the Klein-Gordon equations which are written in the following form

utt(x' t) = Uyx (X, t) + au(x' t) = g(x! t), (1)
with initial conditions
u(x,0) = h(x), u(x,0) = f(x), 2

appears in quantum field theory, relativistic physics, dispersive wave-phenomena, plasma physics, nonlinear optics and
applied physical sciences. Several techniques including finite difference, collocation, finite element, inverse scattering,
decomposition, variational iteration method (VIM), homotopy analysis transform method (HATM) and many more,
have been used to handle such equations [1, 3, 10, 11, 13, 16]. Most of these methods have their inbuilt deficiencies like
the calculation of Adomain’s polynomials, the Lagrange multiplier, divergent results and huge computation work. Elzaki
transform is a useful technique for solving linear partial differential equations [5] but this transform is totally incapable of
handling nonlinear equations because of the difficulties that are caused by the nonlinear terms. He [9, 14, 15] developed
the homotopy perturbation technique for solving such physical problems. In this paper, we use homotopy perturbation
method to decompose the nonlinear term, so that the solution can be obtained by iteration procedure. This means that we
can use both Elzaki transform and homotopy perturbation method to solve many nonlinear problems, see [2, 4].

2. STUDY OF ELZAKI TRANSFORM HOMOTOPY PERTURBATION METHOD (ETHPM)
To illustrate the basic idea of this method [2, 4]; consider a general nonlinear non-homogeneous partial differential
equation with initial conditions of the form:
Du(x,t) + Ru(x,t) + Nu(x,t) = g(x,t) 3)

u(x: 0) = h(X), ut(x! 0) = f(X),

where D is linear differential operator of order two, R is linear differential operator of less order than D, N is the general
nonlinear differential operator and g(x, t) is the source term.
Taking Elzaki transform on both sides of eq. (3) by using [5-7], we get
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E[Du(x,t)] + E[Ru(x,t)] + E[Nu(x,t)] = E[g(x, t)], 4
using the differentiation property of Elzaki transform and above initial conditions, we have

Elu(x,t)] = v?E[g(x,t)] + v2h(x) + v3f(x) — v2E[Ru(x,t) + Nu(x,t)] (5)
applying the inverse Elzaki transform on both sides of eq. (5), to find

u(x,t) = G(x,t) — E-Yv?E[Ru(x,t) + Nu(x, t)]} (6)

where G (x, t) represents the term arising from the source term and the prescribed initial condition.
Now, we apply the homotopy perturbation method, (see [9, 14, 15])

uCx,t) = Yo p"uy (x, ) ()
and the nonlinear term can be decomposed as

N[u(x, )] = Xy-op"Hy (W) ®)
where H,, (u) are He’s polynomials (see, [8, 12]) and given by

Hn(uO'uli ""un) = %;p" [N(Z?O:O piui)]p=0 , n= O' 1: 2' (9)
substituting egs. (7) and (8) in eg. (6), we get

Yoo P un (X, 8) = G(x, ) = p{E T [VPER Zy_o 0" un (%, 1) + X0 P H, ()]} - (10)

This is the coupling of the Elzaki transform and the homotopy perturbation method. Comparing the coefficient of like
powers of p, the following approximations are obtained.

p%:uy(x, t) = G(x,t)

pliuy(x,t) = —E"Y{w?E[Ruy(x,t) + Hy(w)]}

puy(x,t) = —E"Y{w?E[Ruy (x,t) + H;(w)]}

p3us(x,t) = —E"Y{w?E[Ruy(x, t) + Hy(w)]}

Then the solution is
u(x’ t) = logp—>1 Z‘;.lo=0 Un (x’ t)
=uy(x, t) +uy(x, t) + up (x, t) + ug(x, t) + -+ (11)

3. APPLICATIONS
In this section, we apply the Elzaki transform homotopy perturbation method (ETHPM) to solve the linear and nonlinear
Klein-Gordon equations.

Example 3.1. Consider the following linear Klein-Gordon equation

U (6, 1) — Uy, (6, 8) + ulx, t) =0, (12)
with the initial conditions

u(x,0) =0, u,(x,0) = x. (13)
Applying the Elzaki transform on both sides of eq. (12) subject to the initial conditions (13), we have

E[u(x,t)] = v3x + v?E [ZZTZ - u]. (14)
The inverse of Elzaki transform implies that

u(x,t) = xt+ E! {sz [Z% —u } (15)
Now we apply the homotopy perturbation method,

u(x, t) = Xpop"un(x, 0), (16)
and the nonlinear term can be decomposed as

N[u(x, )] = Xy-op"Hy (W), (17
using egs. (16)-(17) into eq. (15), we get

Tr—o D" Un (x,8) = xt + pETH{VPE[E7_0 Py (x, )]} (18)

Comparing the coefficients of like powers of p in (18), we have
p%:ug(x,t) = xt,

pliuy(x,t) = E71 {sz [a;%_ uO]} = _g’

2 5

2. _ -1 2 d0°uq _xt
peiuy(x,t) =E {v E [—6x2 —ul]} ==
proceeding in similar manner we can obtain further values,

xt7
p3us(x,t) = -
xt

o

1]

p4: U4(x, t) =
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Therefore the solution u(x, t) is given by
5 17 0
u(xt)—x(t——+—| ;+a—),
= u(x,t) = xsint, (19)

which is the same solution as obtained by VIM [13] and HATM [10].

v

X

Fig. 1 Graph of u(x,t) = xsint, t>0and0 < x < 1.
Example 3.2. Consider the following linear Klein-Gordon equation

U (X, 1) — Uy (x,8) + ulx, t) = 2sinx, (20)
with the initial conditions
u(x,0) =sinx, u,(x,0)=1. (21)
Applying the Elzaki transform on both sides of eq. (20) subject to the initial conditions (21), we have
Efu(x,t)] = v?sinx +v3 +2v 51nx+vE——u] (22)
The inverse of Elzaki transform implies that

2
u(x,t) = sinx +t+ t?sinx + E™! {sz[le;—u]}. (23)
Using egs. (16)-(17) into eq. (23), we get
Yo P U, (x,t) =sinx + t + t?sinx + pE w2 E[Xo_o p u, (x, )]} (24)

Comparing the coefficients of like powers of p in (24), we get
p%:ug(x,t) = sinx + t + t?sinx,

a%u
pliug(x,t) = { ZE[ 0 — 0]}
4
=—t251nx—t3—|—t3—,smx

2. —p-1{2p 07 _
peiuy(x,t) =E {v E[axz ul]}
t* . t6 . t5
= ;smx+ 8551nx+;,
3 _ -1 f 2 [0%u2
p’ius(x,t) = E El57—w
S
= —8—51nx - 16—smx -
proceeding in S|m|Iar manner we can obtain further values,

Therefore the solution u(x, t) is given by
= u(x,t) = sinx + sint, (25)
which is the same solution as obtained by VIM [13] and HATM [10].
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Fig. 2 Graph of u(x,t) =sinx +sint, t>0and0 < x < 1.
Example 3.3. Consider the following nonlinear Klein-Gordon equation

U (2, 1) — Uy (x, 8) + u?(x,t) = x2t2, (26)
with the initial conditions
u(x,0) =0, u(x,0) =x. (27)
Applying the Elzaki transform on both sides of eq. (26) subject to the initial conditions (27), we have
92%u

Elu(x,t)] = xv3 + 2x?v°® + v?E [ﬁ - uz]. (28)
The inverse of Elzaki transform implies that

4 2
u(x,t) = xt+ 2x21;—|+E'1 {sz ZTZ—uZ]}. (29)
Now we apply the homotopy perturbation method,
u(x, t) = Lo p"un(x, 1), (30)
and the nonlinear term can be decomposed as
N[u(x,t)] = Xy_op"Hy (1), 31)
using egs. (30)-(31) into eq. (29), we get

4

oo P (6,0) = xt + 207 L+ pETHVP S0 P un (6, 0) = Broo " Ha (W]} (32)

Where H,(u) are He’s polynomials [8, 12] that represents the nonlinear terms. The first few components of He’s
polynomials, are given by

Ho(w) = (up)?,

Hl (u‘) = 2u0u1,

Hz(u) = 2u0u1 + ulz ,

Comparing the coefficients of like powers of p in (32), we get
2
p:ug(x,t) = xt + x1; :
- a2
pliuy(x, t) = E71 {sz [axuzo - Ho(u)]}

t6 x4t10 x3t7 x2t4

- 180 12960 ) 252 12
—_ d0°u
pruy(x,t) = E1 {sz [ale - Hl(u)]}
x2t12 11xt?  t© x6¢16 11x4t10 383x5¢13 347

71280 22680 ﬁ 18662400 45360 15921360 252

Proceeding in similar manner we can obtain further values. Therefore the solution u(x, t) is given by
= u(x,t) = xt, (33)
which is the same solution as obtained by VIM [13] and HATM [10].
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Fig. 3 Graph of u(x,t) =xt, t >0and 0 < x < 1.
Example 3.4. Consider the following nonlinear Klein-Gordon equation

U (2, 1) — Uy (6, 8) + u?(x, t) = 262 — 262 + x*t*, (34)
with the initial conditions
u(x,0) =0, u,(x,0) =0. (35)
Applying the Elzaki transform on both sides of eq. (34) subject to the initial conditions (35), we have
2

E[u(x,t)] = 2x*v* — 4v° + 24x*v®+v2E [ZTI; - uz]. (36)
The inverse of Elzaki transform implies that

_ 2.2 _th o x*t E-1{y2E 2%u 2 37
u(x, t) = x°t -t t {v [ﬁ—u]}. (37)

Using egs. (30)-(31) into eq. (37), we get

4 x4 6 _ o n o n
TrooP U (0, 1) = X727 — S+ T 4+ pET WP E [T P (3, 1) — o 2" Hy (W], (38)
proceeding in similar manner as we done in solution of Example 3.3. Again comparing the coefficients of like power of p
in eq. (38), we have

4 4.6
0 U242 t xt

Ug(x, t) = x°t° ——
p 0(’) 6 30 ’

2
1, — p-1{,2p[07%0
phiu(x,t)=E {v E [axz — Ho(u)]}
_t* x%®  288x%t8 2008 53222448t 24x%¢7  2688x0t10  4032x%¢1!

6 30 40320 40320 14! 5040 3628800 39916800 '

Proceeding in similar manner we can obtain further values. Therefore the solution u(x, t) is given by
u(x, t) = x%t?, (39)
which is the same solution as obtained by VIM [13] and HATM [10].

Fig. 4 Graph of u(x,t) = x%t?, t >0and 0 < x < 1.
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Example 3.5. Consider the following nonlinear Klein-Gordon equation

Uee (X, 1) — Uy (x, 1) + u?(x, t) = 6xt(x% — t2) + x5t°, (40)
with the initial conditions
u(x,0) =0, u,(x,0) =0. (41)
Applying the Elzaki transform on both sides of eq. (40) subject to the initial conditions (41), we have

2
E[u(x,t)] = 6x3v° —36xv” + 720x°v' % +v2E [ZTZ - uz]. (42)

The inverse of Elzaki transform implies that

_ 3,3 3xt5 x6t8 -1 2 62u 2
u(x, t) = x°t o T +E {v E[W—u]}. (43)
Using egs. (30)-(31) into eq. (43), we get
x 5 x6 8
S0P (0, 8) = 2363 — 4+ T 4 pE T[S, p (1, £) — Bio p" Hy W), (44)
In a similar manner as before, the solution u(x, t) is given by
u(x, t) = x3t3, (45)

which is the same solution as obtained by VIM [13] and HATM [10].

u(x,t)

X

Fig. 5 Graph of u(x,t) =x3t3, t >0and 0 < x < 1.

4. CONCLUSION
In this paper, the mixture of new integral transform “Elzaki transform” with the homotopy perturbation method has been
successfully applied to find the solution of the linear and nonlinear Klein-Gordon equations with initial conditions. The
method is reliable and easy to use. The results show that the Elzaki transform homotopy perturbation method (ETHPM)
is powerful and efficient technique in finding exact and approximate solutions for linear and nonlinear partial differential
equations. In conclusion, the ETHPM may be considered as a nice refinement in existing numerical techniques and might
find the wide applications.
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