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ABSTRACT

Owing to the abundant applications of nanofluids, this study is mainly concerned with the steady, laminar, non-
linear MHD flow of nanofluids over a rotating porous disk subjected to prescribed heat flux and suction. Two types
of nanofluids such as copper - water nanofluid and silver - water nanofluid are considered. Governing equations
are system of nonlinear partial differential equations and they are converted to a system of nonlinear ordinary dif-
ferential equations by means of similarity transformations. The resulting non-linear ordinary differential equations
are solved numerically using Nachtsheim-Swigert iteration shooting technique for satisfaction of asymptotic bound-
ary conditions and employing Runge - Kutta Fehlberg Method. The features of the flow and heat transfer character-
istics are analysed and discussed. The radial, tangential and axial velocities are obtained numerically and are rep-
resented graphically. Numerical computations for dimensionless temperature, the radial skin friction coefficient and
the tangential skin friction coefficient for both the types of nanofluid flows are obtained for various values of physi-
cal parameters.
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INTRODUCTION

The study of hydromagnetic (MHD) boundary layer flow on a rotating disk has attracted considerable attention dur-
ing the last few decades due to its numerous applications in rotating machinery, turbine rotors, medical equipment’s,
thermal-power generating systems, computer storage devices, crystal growth processes, aero dynamics air cleaning,
rotating heat exchangers, rotating disk reactors for bio-fuels production and in many other geothermal and geophysi-
cal applications.

In recent days nanofluids have great potential in heat transfer applications, because of its increased thermal conduc-
tivity and increased Nusselt numberdue to higher thermal conductivity and other various effects on heat transfer
phenomenon. All these applications motivated the authors to deal with the problem involving hydromagnetic flow of
nanofluids over a rotating disk subjected to suction in the presence of prescribed heat flux. Pao [1] was one of the
first to investigate the flow of an incompressible viscous conducting fluid over a rotating disk when a circular mag-
netic field is imposed. He concluded that the presence of the magnetic field thickens the flow boundary layer and
also reduces the strength of the axial flow field. Furthermore, for sufficiently large values of the applied magnetic
field, the boundary layer separates from the surface of the disk. Many researchers (Kuiken [2], Ockendon [3], Owen
and Rogers [4], EI-Mistikawy and Attia [5] have studied and reported results on disk-shaped bodies with or without
heat transfer.

Attia and Aboul-Hassan [6] studied steady hydromagnetic flow due to an infinite disk rotating with uniform angular
velocity in the presence of an axial magnetic field. In their analysis they neglected the induced magnetic field but
considered Hall current. Attia [7] has studied the effect of suction and injection on the transient flow of a conducting
fluid due to a rotating disk in the presence of an external uniform magnetic field neglecting the Hall current and ion
slip.The effect of slip on entropy generation in MHD flow over a rotating disk was investigated by Arikoglu et al [8]
via the differential transform method. Devi and Ganga [9] scrutinized the nonlinear hydromagnetic flow and heat
transfer over a stretching porous surface in the presence of constant heat flux. Devi and Devi [10], Bhattacharyya
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[11], Hakeem et al [12] and Das [13] have studied the disguised flow conditions in various geometries with the
magnetic field effects.

Convective heat transfer in nanofluids is a topic of major contemporary interest both in sciences and engineering.
The term ‘nanofluid” which was first proposed by Choi [14] to indicate engineered colloids composed of nanoparti-
cles dispersed in a base fluid. VVarious benefits of the application of nanofluids include improved heat transfer, heat
transfer system size reduction, minimal clogging, microchannel cooling and miniaturization of the system. There-
fore, research is underway to apply nanofluids in environments where higher heat flux is encountered and the con-
vectional fluid is not capable of achieving the desired heat transfer rate. In the past few years, many experimental
investigations on the thermal conductivity of nanofluids have been studied. Recently several authors investigated
about natural convection and effect of adding nanoparticle in the base fluid on flow and heat transfer (Eastman et al
[15], Xuan et al [16]). Buongiorno [17] noted that the nanoparticle absolute velocity can be viewed as the sum of the
base fluid velocity and a relative velocity (that he calls the slip velocity). He considered in turn seven slip mecha-
nisms: inertia, Brownian diffusion, thermophoresis, diffusiophoresis, Magnus effect, fluid drainage and gravity set-
tling. The nanofluid mathematical model proposed by Buongiorno was very recently used by several researchers
such as, Nield and Kuznetsov [18], Kuznetsov and Nield [19], Khan and Pop [20], Khan and Aziz [21] etc.

Vajravelu et al [22] discussed the convective heat transfer in a nanofluid flow over a stretching surface using Ag-
water or Cu-water nanofluid. Magnetic effects on free convection flow of a nanofluid past a vertical semi-infinite
flat plate have been discussed by Hamad et al [23]. Sheikholeslami et al [24] used heat line analysis to simulate two
phase simulation of nanofluid flow and heat transfer. Their results indicated that the average Nusselt number de-
creases as buoyancy ratio number increases until it reaches a minimum value and then starts increasing. Further-
more, Julie Andrews and Anjali Devi [25] studied the steady flow and heat transfer over a rotating disk with a pre-
scribed heat flux in Copper water nanofluid. Rashidi et al [26] considered the analysis of the second law of thermo-
dynamics applied to an electrically conducting incompressible nanofluid flowing over a porous rotating disk.
Sandeep Naramgari and Sulochana [27] investigated the heat transfer behavior of hydromagnetic nanofluid embed-
ded with conducting dust particles past a stretching surface. Devi and Priya [28] presented the hydromagnetic slip
flow of nanofluids over a vertical stretching surface subjected to injection.

Keeping the above curious findings in mind, the present work is devoted to examine the MHD steady, laminar, ax-
isymmetric flow of an incompressible, electrically conducting, viscous nanofluid over a rotating disk subjected to
prescribed heat flux and suction. In the present study water is assumed as a base fluid and the effects of nanoparticle
volume fraction are considered for two types of nanofluids. Introducing the similarity transformations, the momen-
tum and energy equations, under boundary layer assumptions reduce the equations to the set of nonlinear ordinary
differential equations. Solutions of reduced nonlinear ordinary differential equations are solved numerically using
Nachtsheim - Swigert iteration shooting technique for satisfaction of asymptotic boundary conditions along with
Runge - Kutta Fehlberg Method. Numerical results are obtained for various physical parameters and displayed
graphically. Physical behaviour of skin-friction coefficient is also discussed through tables.

FORMULATION OF THE PROBLEM

The problem of steady, laminar, three dimensional, axisymmetric, hydromagnetic flow of an incompressible, electri-
cally conducting, viscous, nanofluid on a rotating disk in the presence of suction and prescribed heat flux is consid-
ered. Two types of nanofluids such as copper-water nanofluid and silver-water nanofluid are considered. Cylindrical
polar coordinates (r, ¢, z), where z is the vertical axis in the cylindrical polar coordinate system with r and ¢ as the
radial and tangential axes are chosen. The electrically conducting fluid occupies the region z > 0 with the rotating
disk placed at z = 0 as indicated in fig. 1 and rotating with constant angular velocity Q2. The components of the flow
velocity are (u, v, w) in the directions of increasing (r, ¢, z) respectively, the pressure is P, the density of the fluid p
and T is the fluid temperature.

The surface of the rotating disk is subjected to suction and it is maintained at a uniform temperature Ty. For away
from the wall, the free stream is kept at a constant temperature T. and at a constant pressure P. An uniform mag-
netic field of strength Ho is applied in the direction normal to the surface of the disk. The induced magnetic field due
to the motion of the electrically conducting fluid is assumed to be negligible by taking small magnetic Reynolds

number (Rm<<1). Since the induced magnetic field is neglected and B, is independent of time, curl E = 0. Also,

div E = 0 in the absence of surface charge density. Hence E=0. The governing equations of the Nanofluid flow
and energy in cylindrical polar co-ordinates are given by

—+—+—=0 (1)
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accompanied by the boundary conditions
u=0, v=Qr, w=-W,, qW:-knf(a—Tj at z=0
0z (6)

u—»0, v-»0 T->T, P—>P, as Z—>©

where P is the Pressure, T is the temperature, with Ty, and T« denoting wall and ambient conditions. Moreover, pns is
the density of the nanofluid, v is the kinematic viscosity of the nanofluid, s is the dynamic viscosity of the
nanofluid and aur is the thermal diffusivity of the nanofluid, which are respectively given by

y7a K ki_ (k, + 2k, ) —20(k, —k,)

Moy =5 Q= ; =
(pC.)y ki (k +2k,)+o(k, —k) )

1-p)*

P =Q=0)p; +op,, (pC,), =Q=9)(pC,), +9(pC,),
here, ¢ is the nanoparticle volume fraction, (pCp)nr is the heat capacity of the nanofluid, Kys is the thermal
conductivity of the nanofluid, ks and ks are the thermal conductivities of the base fluid and the solid particles (Cu,
AQg) respectively, and pr and ps are the densities of the base fluid and of the solid particles, respectively. It should be
mentioned that the use of the above expression for kns is restricted to spherical nanoparticles where it does not ac-
count for other shapes of nanoparticles. Also, the viscosity of the nanofluid p,s has been approximated by Brinkman
as viscosity of a base fluid ps contains dilute suspension of the spherical particle.

The following dimensional variables are introduced
n=©v, )z, u=QrF(@y), v=arG(n), w=(Qv,)*H@),

q. (v ) ®)

P-P =—uQP(n), T-T, =-2-| ¢
. =1 QP(77) Sy [Qj (1)

Substituting Equation (8) in (1) — (5), it is obtained as
2F+H'=0 )
F'—(1-¢)"°[ A(F* +HF'=G*)+ M"F | =0 (10)
G"—(1-¢)*°| A(HG'+2FG)+M*G | =0 (11)
H"—(1-¢)*°[AHH'+2P']=0 (12)

k

L% g _BHE —0 (13)
Pr k

f

where the prime denotes differentiation with respect to n and the dimensionless quantities are given by
2

M? = Q—O [here M is the magnetic interaction parameter]
Lt

where pr =21 is the Prandtl number and A= L-g+dps/p;) B=(1-9p+ ¢(pCp )S /(pCp )f )
Vi
and the boundary conditions are given by
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F(0) =0, G(0) =1, HO)=-W,, 6'(0)=-1
| (14)
F(r7) = 0, G(n7) =0, P@) — 0, 6(n) >0 as 1 —ow
where, \ny — Wo is the uniform suction parameter when Ws> 0.
(Qvy) 7

The tangential shear stress and radial shear stress are given by the Newtonian formulae:

o 1 ow ou  ow
L=\He |l — Y= =5 and Ty =|He | = + =
0z r oo 7=0 oz or)l;—o

Hence the local tangential and radial skin-friction coefficient for prescribed heat flux case are respectively given by

(1-¢) (X))
where Re:(Q rz/vf ) is the local rotational Reynolds number.
Z
Teo

Fig. 1 Schematic diagram of the problem
NUMERICAL SOLUTION OF THE PROBLEM

Numerical solution of the MHD flow of nanofluids over a rotating disk in the presence of prescribed heat flux and
suction has been obtained. Two cases of nanoparticles such as copper and silver are considered for the present study.
In doing do, since the non-linear equations constitute a non-linear boundary value problem it is highly ridiculous to
obtain the solution straight away. Hence the boundary value problem constituted by equations (9) to (11) along with
(13) has to be converted into initial value problem. Here the problem is solved using Nachtsheim- Swigert shooting
iteration technique for satisfaction of asymptotic boundary conditions along with Runge - Kutta Fehlberg Method. In
this study, a uniform grid of An = 0.01 has been used so that the results are mesh independent and the convergence
criterion was set to 105, which gives accuracy upto four decimal places. The thermophysical properties of the fluid
and the nanoparticles (Cu and Ag) used in the simulation is presented in Table 1.

Fig. 2 to Fig. 4 are the graphical representations which portray the effect of magnetic interaction parameter on the
radial, tangential and axial velocities for both copper- water nanofluid and silver-water nanofluid. It is found that the
effect of Magnetic field is to reduce the radial, tangential and axial velocities. This reveals that the effect of magnet-
ic field is to decrease the velocity, which is due to the fact that increase of magnetic interaction parameter signifies
the increase of Lorentz force, which opposes the flow in the reverse direction. The effect of magnetic field over
temperature is shown through Fig. 5 for both types of nanofluids. As magnetic interaction parameter increases, the
temperature increases elucidating the fact that the effect of magnetic field is to increase the thickness of the thermo-
magnetic layer.
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Table - 1 Thermophysical Properties of Base Fluid Water, Copper ~ Table - 2 Comparison of the results F'(0), -G'(0) and 8(0) when M?

and Silver at 25° C =0and W, =0 (PHF case)
P Cp k Pr F'(0) -G'(0) 0(0)
Kg/m?® J/Kg.K W/m.K >
(Kg/m) (VKg.K) ( ) A;g;ﬁfts 702 | 05102326 | 0.6159220 | 1.017305
Water 997.1 4179 0.613 Deviand
Copper 8933 385 400 Devi [10 7.02 0.5102326 | 0.6159220 | 1.017310
Sliver 10500 235 429 evi [10]
Copper Wg=1 Copper w,=1
008 - <= - - Siler $=0.1 osh L 6=01
0.06 /F\\ 06|
Fn) G()
g : M?=0,1,2,3
0.04 RN S 0.4
0.02 ” \\\\ N < \'\\ 02
0.00 e 0.0
0 1 2 3 4 0 1 2 3 4
n n
Fig.2 Effect of Magnetic field on radial velocity profiles for copper- Fig.3 Tangential velocity profiles for various values of magnetic
water nanofluid and silver-water nanofluid interaction parameter for copper-water nanofluid and silver-
water nanofluid
Copper Ws=1 Copper W =1
116 - - - Silver $=01 - - - - Silver $=01
112
-Hm) 6(n)
0 I A o=
1.04
1.00 -
0 1 2 3 4 2 3 4
n n
Fig. 4 Effect of Magnetic field on axial velocity profiles for copper- Fig. 5 Temperature distribution for various values of magnetic
water nanofluid and silver-water nanofluid interaction parameter for copper — water nanofluid and silver-

water nanofluid

RESULTS AND DISCUSSION

In order to have a clear physical insight of the problem, numerical solutions are obtained for various values of phys-
ical parameters and their effects over velocity and temperature are analysed in detail. In the absence of magnetic
interaction parameter, radiation parameter, heat absorption parameter and suction Parameter, results are identical to
that of Devi and Devi [10] for the base fluid (¢= 0) and these results are shown in Table -2.

Figs. 6 to 8 illustrate the radial, tangential and axial velocities for different values of suction parameter for both the
nanofluids with nanoparticles, say Cu and Ag. For strong suction, the radial velocity is small. The fact that suction
stabilizes the boundary layer is also apparent from Fig. 6 and 7. As suction increases, radial and tangential velocities
decrease. As the wall suction increases, escape through the wall becomes easier and easier. Therefore, as suction
parameter increases, axial velocity increases in magnitude for both the types of nanofluids. Further the value of axial
velocity remains uniform with respect to n when W5 takes values 4, 3, 2 and 1. All these are noted in Fig. 8.

The effect of suction parameter on temperature for both types of nanofluids is depicted in Fig. 9. Imposition of wall
suction, leads to the reduction in the temperature and as well as in the thermal boundary layer thickness.
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Fig. 6 Radial velocity profiles for different values of suction param-
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Fig. 7 Effect of suction parameter on tangential velocity profiles for
copper-water nanofluid and silver -water nanofluids
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Fig. 13 Variation of the Solid volume fraction on axial velocity profiles
for silver -water nanofluid
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u.s

Copper M2 =1
- - - - Silver We=1
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6(n)
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Fig. 14 Effect of Solid volume fraction on temperature distribution for copper-water nanofluid and silver -water nanofluid

The variations in velocities (F(n), G(n) and -H(n)) and temperature with respect to nanoparticle volume fraction
parameter ¢ on the flow field for both copper-water nanofluid and silver-water nanofluid are presented in Figs. 10 —
14. 1t is noted from Fig. 10 and 11 that the momentum boundary layer thickness decrease with increasing solid vol-
ume fraction ¢ and the existence of nanoparticles lead to more thinning of the boundary layer. Fig. 12 and 13 eluci-
date the variation in velocity due to the hype in solid volume fraction. It is noted that the velocity got promoted for
the effect of solid volume fraction. The dimensionless temperature distribution for both types of nanofluids for dif-
ferent ¢ is shown in Fig. 14. The thermal conductivity of the nanofluid increases as the nanoparticle volume fraction
increases, leading to a disseminating of the thermal boundary layer thickness. This agrees with the physical behav-
iour that due to the addition of nanoparticles the thermal conductivity of the fluid increases and consequently the
thickness of the thermal boundary layer also increases.

Table 3 displays the effect of M2, Ws and ¢ over radial and tangential skin friction coefficients respectively, for both
copper-water nanofluid and silver-water nanofluid for the prescribed heat flux case. It is noted that the effect of M?
and W have similar trend over radial skin friction coefficient so as to decrease it. Similarly increasing values of the
magnetic interaction parameter and Ws have increasing effect over the tangential skin friction coefficient in magni-
tude. The growing effects of radial skin friction coefficient and tangential skin friction coefficient in magnitude are
observed due to the effect of solid volume fraction for both types of nanofluids which are shown in table 3. It is also
noted from table 3 that the temperature at the wall for both types of nanofluid rises higher with the growing effect of
magnetic interaction parameter and solid volume fraction. But the opposite effect is observed for the effect of suc-
tion parameter.

- iati 1 ' -1 H 2
Table -3 Variation of F'(0) G'(0) and 0(0) for different values of M? W; and ¢

(0) P
Q-9 7 a-4*
Copper-Water Nanofluid Silver-Water Nanofluid
M2 W,
| gt ﬁe'@ 60) ﬁ F(0) ﬁe'w) 60)

0 0.54815 2.00137 0.21496 0.55853 2.15055 0.22019
1 L 01 0.42293 2.43269 0.21607 0.44075 2.56497 0.22126
2 0.35458 2.79124 0.21666 0.37363 2.91338 0.22186
3 0.31230 3.09642 0.21700 0.33014 3.21453 0.22223
1 0.42293 2.43269 0.21607 0.44075 2.56497 0.22126
! 2 01 0.28290 3.03435 0.10917 0.28820 4.23950 0.11183
3 0.20321 5.62872 0.07285 0.20513 6.08237 0.07462
4 0.15672 7.65930 0.05464 0.15759 7.97942 0.05598
0.01 0.26844 1.73069 0.16532 0.27096 1.74291 0.16570
L L 0.04 0.31950 1.95709 0.18124 0.32830 2.00770 0.18296
0.06 0.35350 2.11249 0.19248 0.36570 2.18973 0.19523
0.1 0.42293 2.43269 0.21607 0.44075 2.56497 0.22126
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CONCLUSION

The nonlinear hydromagnetic flow of nanofluids over a rotating porous disk with prescribed heat flux has been in-
vestigated numerically. A detailed study on dimensionless velocities, temperature, radial and tangential skin friction
coefficients are carried out. In general, the velocity and temperature distribution are dominantly influenced by the
physical parameters involved in the problem. In the absence of magnetic interaction parameter and suction parame-
ter, the numerical values of F'(0) and —G’(0) are found to be in excellent agreement with that of Devi and Devi [10].

The significant findings drawn from the present investigation are listed as follows:

e The effect of magnetic field decelerates the components of velocity, reduces radial skin friction coefficient for
both the nanofluids, whereas the temperature distribution and tangential skin friction coefficient in magnitude
enhance in both cases.

e The radial and tangential velocities, temperature and radial skin friction coefficient are seen to remit due to the
increasing values of suction parameter for both the copper-water nanofluid and silver-water nanofluid. Also Suc-
tion parameter shoots up the axial velocity and tangential skin friction in magnitude.

e The radial and tangential velocities get suppressed due to an increase in solid volume fraction for both the types
of nanofluid and augment the axial velocity, radial skin friction coefficient and tangential skin friction coefficient
in magnitude.

The experimental result shows that applying the template of half eye gives a satisfying result in the frontal face im-
age. Furthermore, applying composite template produces better results of eye detection through all orientations. In
order to detect head poses in the face image, three templates were generated to represent the entire face, in frontal
case and both profile cases. Finally, a detection rate of 98.83% was reported by applying the proposed method on
PICS Database while it is 93.87% for the templates which have entire eye image.
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